We present analytical relations for the quantum evolution of the number difference of bosons between the two sites of a double-well potential, by using perturbative results for small tunneling amplitudes in the twomode approximation. Results are obtained for two different initial conditions: completely localized states and coherent spin states. In the former case both the short and the long time behavior is investigated and the characteristic Bohr frequencies of the energy spectrum are determined. In the latter case we calculate the short time-scale evolution of the number difference. The analytical expressions compare favorably with direct numerical solutions of the quantum problem. Finally, we discuss the corresponding Gross-Pitaevskii ͑i.e., mean-field͒ dynamics and we point out the differences between the full quantum evolution and the mean-field evolution.
I. INTRODUCTION
There are few examples in physics where analytical insight of the complex dynamics displayed by a many-body quantum system can be gained. Even if such an analytical description is limited to a region of the parameter space, it is important for understating some aspects of quantum evolution. For example, it allows us to observe what are the quantum effects in the solutions determined by approximation schemes, such as commonly used mean-field theories. This issue is particularly timely as regards the dynamics of a Bose-Einstein condensate ͑BEC͒.
The Gross-Pitaevskii equation ͓1,2͔ constitutes a meanfield approximation-derived through a generalization of the Bogoliubov perturbation theory developed for superfluid 4 He-for the time-dependent behavior of the macroscopic wave function of a BEC. This equation has been able to efficiently describe the experimental observations followed by the first realizations of Bose-Einstein condensation in dilute alkali vapors ͓3͔, as well as solitons created by employing delicate phase engineering in such systems ͓4͔. However, recently, an increasing interest has been stimulated for exploring quantum effects beyond the mean-field approximation. This trend is reinforced by the appearance of experiments that study phenomena that cannot be described by the Gross-Pitaevskii equation ͓5,6͔.
In this study we derive analytical results for the quantum dynamics of a simple many-body system ͓see Hamiltonian ͑2͒ below͔ consisting of two weakly coupled bosonic traps, taking into account particle-particle interactions. This system can describe, in a perturbative limit, a BEC confined in a double-well potential, where the atoms can tunnel between the two minima of the trap. In addition to several theoretical studies ͓7-11͔, such a situation has also been experimentally realized ͓12͔. The same system can also describe two coupled intramolecular stretching modes ͓13-15͔. Finally, a related problem is the case of two BECs in a different hyperfine state, confined in the same magnetic trap and coupled through a weak driving field ͓16,17͔.
The many-body Hamiltonian describing a dilute gas of N interacting bosons in an external double-well potential V dw is
͑1͒
where ⌿ † (r ជ ) and ⌿ (r ជ ) are bosonic field operators creating and annihilating, respectively, atoms at the position r ជ , and we have used that, for a dilute and cold gas, the two-body interaction V(r ជ Ϫr ជ Ј) can be substituted by (4ប 2 a/m)␦(r ជ Ϫr ជ Ј), with a the s-wave scattering length and m the atomic mass.
In the following section we present the so-called twomode approximation, which drastically simplifies the Hamiltonian ͑1͒. Then we briefly recall the structure of the energy spectrum for small tunneling amplitudes, as has been obtained in a previous paper ͓11͔ by using perturbation theory. In the following sections we apply the perturbative results for the stationary states presented in Ref. ͓11͔, in order to estimate the time evolution of the mean value of the population difference in the two wells of the potential. We consider two different initial conditions, viz., completely localized states ͑Sec. III͒ and coherent spin states ͑Sec. IV͒. The corresponding numerical solutions of the time-dependent Schrö-dinger equation are also presented and the quantum results are compared with the predictions of the mean-field ͑Gross-Pitaevskii͒ dynamics. In Sec. V we draw our conclusions. approximation can be applied, which leads to a significant simplification of the problem; the infinite dimensional Hilbert space of Hamiltonian ͑1͒ is reduced to a finitedimensional system.
A. Two-mode approximation
The two-mode approximation is described in detail in Ref. ͓7͔ and is valid when the two lowest eigenenergies of a single boson subjected to the double-well potential are close together and well separated from the other energy eigenvalues. It consists of an expansion of the field operators of Eq. ͑1͒ in terms of the weakly overlapped single-atom ground states at each well of the potential. Then, retaining first-order terms in the Hamiltonian with respect to the small overlap, yields the ''boson-Hubbard'' dimer Hamiltonian, which in dimensionless form is
In this expression the dimensionless parameter k is the tunneling amplitude between the two wells in units of the atomatom interaction energy U, which defines the unit of energy. The operators b i † (b i ), iϭ1,2, create ͑annihilate͒ bosons at the ith well. For the connection of the quantities appearing in Eq. ͑2͒ with the microscopic parameters of Eq. ͑1͒, see Eqs. ͑2͒ and ͑3͒ of Ref. ͓11͔, or Ref. ͓7͔ . We mention that parameter k can be tuned over several orders of magnitude, by varying either the height of the barrier between the minima of the double well or the scattering length through a Feshbach resonance ͓18,19͔.
The two-mode approximation assumes that the atom-atom interactions do not significantly affect the ground state properties of the two individual wells. This means that the number of bosons in the condensate should not be larger than a few thousands ͓see Eq. ͑13͒ of Ref. ͓7͔͔.
B. Angular momentum representation
A useful transformation can be performed from the operators b i and b i † to angular momentum operators, yielding an equivalent representation of Eq. ͑2͒ ͓7,9,11͔:
The dimensionless total angular momentum J ͑in units of ប) is conserved by this Hamiltonian and the corresponding quantum number is
͑4͒
The dimensionality of the relevant Hilbert space is equal to 2 jϩ1ϭNϩ1 and depends on the fixed number of bosons. The z component of angular momentum provides the atom number difference between the two wells:
where N 1 (N 2 ) gives the number of bosons at the iϭ1 (i ϭ2) well. The relative number difference is given by
C. Structure of the energy spectrum for small tunneling amplitude
For kϭ0 the Nϩ1 eigenvalues of the Hamiltonian ͑3͒ form degenerate pairs of levels with energies
where m is a positive integer or half integer depending on whether N is even or odd, respectively. The corresponding eigenvectors are
where ͉Ϯm͘ are the eigenvectors of J z : J z ͉Ϯm͘ ϭϮm͉Ϯm͘. For an even number of bosons the ground state ͉h 0 (0) ͘ϭ͉0͘ is nondegenerate with eigenvalue E mϭ0 (0) ϭ0. As k increases from zero the degeneracy is gradually lifted, starting from the lower levels, i.e., the smaller m. This means that for a fixed value of k, the splitting ⌬E m Ϯ ϭ͉E m ϩϪ E m Ϫ͉ decreases with m. Up to second order in k the perturbative energy eigenvalues are given by ͓11͔
͑10͒
and
where J 2 is given by Eq. ͑4͒. From now on, for simplicity and compact notation, we use expressions or summations with index m Ϯ referring also to the level mϭ0 ͑for even N), as in Eq. ͑9͒. In these cases, instead of two levels 0 Ϯ , we mean the single level 0.
The splittings ⌬E m Ϯ of the levels E m Ϯ for mϾ1, which are still degenerate up to second order, Eq. ͑9͒, are of the order k 2m and have been analytically calculated elsewhere ͓see Eq. ͑7͒ of Ref. ͓20͔͔. Consequently, the higher energy levels form quasidegenerate pairs for relatively small k. The particular value of k up to which these levels could be still considered quasidegenerate depends on N and the specific level E m Ϯ ͓11͔.
The corresponding perturbative corrections in the eigenvectors of Eq. ͑8͒ contain the ͉(mϮ1) Ϯ ͘ at first order and 
belonging to the even parity symmetry class of ͉m ϩ ͘.
D. Time evolution of the relative number difference
In the following two sections we use the analytical results of the energy eigenstates ͓11͔ in order to calculate the time evolution of the mean value of J z , i.e., the bosons number difference at the two sites of the dimer apart from a factor of 2. The mean value is given by the standard relation ͓21͔
where the dimensionless time is ϭ(U/ប)t. All the frequencies hereafter represent dimensionless frequencies ͑in units of U/ប). The sums of n,nЈ in the last expression are over all the energy stationary states ͉h m Ϯ͘ , for mϭ0 or 1/2, . . . ,N/2, and n are the projections of the initial condition ͉⌿(0)͘ on the basis of ͉h m Ϯ͘ , i.e.,
͑13͒
The analytical perturbative results for the eigenfunctions make possible the calculation of the corresponding weights n Ã n Ј ͗h n ͉J z ͉h n Ј ͘ with which the Bohr frequencies of the spectrum, E n ϪE n Ј , contribute to the quantum evolution of Eq. ͑12͒. The matrix elements ͗h n ͉J z ͉h n Ј ͘ for nЈϭn,nϮ1, up to second order in k, are given in Appendix A.
E. Mean-field limit
The corresponding mean-field dynamics for the Hamiltonian ͑2͒ is provided by the discrete nonlinear Schrödinger ͑DNLS͒ dimer ͓22͔, which in our dimensionless units is given by the system of equations
The complex amplitudes c 1 , c 2 satisfy the normalization condition ͉c 1 ͉ 2 ϩ͉c 2 ͉ 2 ϭ1. This system can be derived either through the Hartree approximation in the time-dependent many-body problem ͑2͒ ͓22͔, or, equivalently, by the application of the two-mode approximation in the GrossPitaevskii equation with a double-well trap ͓7͔.
The DNLS dimer is an integrable system and has attracted considerable attention ͓23-27͔. The transfer of many of these results to the problem of a condensate that can tunnel between the minima of a double well has been discussed already ͓28͔.
In order to compare the dynamics derived by the meanfield theory ͑14͒ with the full quantum problem ͑12͒, we calculate the probability difference ͉c 2 ͉ 2 Ϫ͉c 1 ͉ 2 between the two sites of the DNLS dimer that yields the relative number difference:
͓see Eq. ͑6͔͒.
III. COMPLETELY LOCALIZED INITIAL STATES
As a first example we consider the case where all the bosons initially occupy one of the two wells, i.e., N 2 (0) ϭN and N 1 (0)ϭ0. The corresponding wave function is
͑16͒
The numerical solution of the quantum system for small values of k, starting with the initial condition ͑16͒, displays the following characteristics ͑see Fig. 1 
A. Short time-scale dynamics
For the moment we disregard the small splittings ⌬E m Ϯ of the higher quasidegenerate pairs of levels and we try to find the dominant terms determining the short time-scale evolution. The zeroth-order result of Eq. ͑12͒ does not contain any dynamics ͓29͔, since only the cross terms n, nЈ
͑17͒
To obtain the second equality we have used that in zeroth order (N/2) Ϯϭ 1/ͱ2 and the corresponding matrix element from Eq. ͑A2͒ is N/2. For the first nonzero time-dependent correction, it is necessary to keep terms up to second order in k in the weights. Then also the cross terms (N/2) Ϯ , (N/2Ϫ1) ϯ and (N/2 Ϫ1) Ϯ , (N/2Ϫ1) ϯ will contribute to ͗J z ͘. The first terms will be responsible for the time dependence, providing the characteristic frequency
. Using Eq. ͑9͒ we obtain that , up to second order in k, is given by
Taking into account that 
This equation describes accurately the numerical results at short time scales ͓see Fig. 1͑a͒ of Ref.
͓20͔͔. The calculation of the next order correction in Eq. ͑19͒ is also possible. In Appendix B we present this result.
B. Long time-scale dynamics
If we now take into account the splittings ⌬E (N/2) Ϯ and ⌬E (N/2Ϫ1) Ϯ of the two higher pairs of quasidegenerate energy levels, they affect the evolution on longer time scales. The former will appear already in the zeroth-order result ͑17͒ and will describe complete transfer of all the bosons back and forth between the two equivalent traps. The latter will appear at second order, not only in the cross terms (N/2 Ϫ1) Ϯ ,(N/2Ϫ1) ϯ , but also in the sum of the terms (N/2) Ϯ and (N/2Ϫ1) ϯ , providing the beat that gives rise to the observed collapses and revivals. In the latter case the difference of the energies E (N/2) ϩϪ E (N/2Ϫ1) Ϫ and E (N/2) ϪϪ E (N/2Ϫ1) ϩ will be equal to ⌬E (N/2Ϫ1) Ϯ at a lower order in k. Repeating the calculations as in the preceding section, we find the result presented in Eq. ͑3͒ of Ref. ͓20͔:
͑20͒
For 0 ϭ0 and 1 ϭ0, Eq. ͑20͒ gives the result ͑19͒ for short time scales. In the last expression the frequencies 0 and 1 correspond to the splittings ⌬E (N/2) Ϯ and ⌬E (N/2Ϫ1) Ϯ of the two higher quasidegenerate energy pairs, respectively, which are given by ͓20͔
In Fig. 1 we present the relevant part of the energy spectrum that is responsible for the dynamics exhibited by a completely localized initial state at small values of tunneling amplitude.
C. Comparison with the mean-field dynamics
For completely localized initial conditions the solutions of the integrable DNLS dimer are given in terms of the Jacobian elliptic functions ͓23,25,26͔. In particular, appropriate for our discussion is the region where (NϪ1)/2kϾ1. In that case we are in the self-trapped regime and the solution of Eq. ͑14͒ is obtained through ͓25͔
where 2k/(NϪ1) is the modulus of the Jacobian elliptic function dn(u;) ͓30͔. For very small , the expansion dn(u;)ϭ1Ϫ( 2 /2)sin 2 (u) in Eq. ͑23͒ yields that
͓See also Eq. ͑9͒ of Ref. ͓25͔, where V and of that reference correspond to Ϫk and Ϫ2(NϪ1), respectively.͔ Taking into account Eq. ͑6͒ we see that the last expression is identical with the perturbative result ͑19͒, using the zerothorder term for the frequency , Eq. ͑18͒. We find that in the limit of small tunneling amplitude the mean-field dynamics accurately provides the short time-scale evolution. How- , respectively. This energy difference provides the short time-scale oscillating frequency . At higher order in k these quasidegenerate pairs split, providing the frequencies 1 and 0 that characterize the collapses/revivals and the coherent tunneling between the two sites, respectively. The sketch refers to the case of even N. For odd N the levels E (N/2) Ϫ and E (N/2Ϫ1) Ϫ will be higher in energy than E (N/2) ϩ and E (N/2Ϫ1) ϩ, respectively.
ever, it is unable to account for the richer behavior on longer time scales, namely, collapses and revivals, as well as coherent tunneling ͓20͔.
IV. COHERENT SPIN INITIAL STATES: SHORT TIME-SCALE DYNAMICS
The second initial condition that we consider consists of the coherent spin states ͑or the angular momentum coherent states͒ ͓31,32͔ that, in analogy with the usual harmonic oscillator coherent states, provide an analogous quantum description with the corresponding classical angular momenta. Such initial conditions have also been used in Ref. ͓9͔ . A coherent spin state is characterized by two angles and ͑similar to the case of a classical angular momentum with fixed magnitude͒ and is obtained by
where the coefficient C is given by
For the initial state of Eq. ͑25͒ we have that
We will consider only the dynamics on short time scales and then we ignore in the following part of the section the splittings of the quasidegenerate pairs that are obtained in higher order than k 2 .
A. Dominant frequency
If we keep zeroth-order terms in Eq. ͑12͒ and we take into account the results of Appendix A, it is obvious that the time dependence will be obtained through the splittings ⌬E 1 Ϯ and ⌬E 1/2 Ϯ of Eqs. ͑11͒ and ͑10͒ for even and odd N, respectively. We present separately the results for these two cases.
Even N
Calculating the corresponding n Ϯ for the initial state ͑25͒ in zeroth order and using Eqs. ͑27͒ and ͑A2͒, we obtain from Eq. ͑12͒ that
͑28͒
where the frequency e is given by
Odd N
In this case Eq. ͑12͒ similarly yields in zeroth order
where now e is obtained by
In Figs. 2 and 3 we show with red lines the harmonic expressions ͑28͒ and ͑30͒ for two coherent states and for different number N of bosons. By comparing with the corresponding numerical results ͑black lines͒ we see that the zeroth-order perturbative results provide the dominant frequency of the short time-scale evolution. We note in Figs. 2 and 3 the significant differences in the periods of the corresponding dominant oscillations between odd ͓Figs. 2͑a,c,e͒ and 3͑a,c,e͔͒ and even N ͓Figs. 2͑b,d,f͒ and 3͑b,d,f͔͒. This is due to the fact that the frequency e is of first, Eq. ͑31͒, and second order, Eq. ͑29͒, in k, respectively.
B. Manifestation of the whole energy spectrum
Although the analytical results ͑28͒ and ͑30͒ give the dominant frequency, they are not able to describe the fluctuations exhibited by the numerical results. These fluctuations become stronger as N increases. In order to account for them, it is necessary to keep up to first-order terms in Eq. ͑12͒. Using the results ͑A2͒-͑A5͒ from Appendix A and the n Ϯ for the initial state ͑25͒ up to first order ͓from Eqs. ͑31͒ and ͑33͒ of Ref. ͓11͔͔, after some straightforward calculations Eq. ͑12͒ yields
where
In Eq. ͑32͒ apart from the dominant frequency e , time dependence results also through the quantities A n appearing in the sum of the last term. The corresponding frequencies of Eq. ͑33͒, F n , are given through the differences of the adjacent quasidegenerate pairs of levels, as
where in obtaining the last equality we have used the lowerorder result in k, Eq. ͑7͒. The fine structure of these levels, i.e., the difference between the terms E (nϩ1) ϩϪ E (n) Ϫ and E (nϩ1) ϪϪ E (n) ϩ will be manifested at later times and do not affect the short time-scale dynamics. This effect appears earlier in the cases of odd N through the terms F 1/2 .
Even N
For an even number of bosons, the coefficients C 1 and C 2 that appear in Eq. ͑32͒ are
and the frequencies F n appearing in the sum of Eq. ͑32͒ are given by F n ϭ4nϩ2, nϭ0,1, . . . , N 2 Ϫ1⇒F n ϭ2,6,10, . . . ,2NϪ2.
͑37͒

Odd N
In the case of an odd number of bosons, the corresponding coefficients are given by FIG. 3 . ͑Color͒ Time evolution of the relative atom number difference, 2͗J z ͘/N, between the two sites of the double well for a coherent initial state with ϭ/4 and ϭ/4, in a system consisting of ͑a͒ Nϭ9, ͑b͒ Nϭ10, ͑c͒ Nϭ15, ͑d͒ Nϭ16, ͑e͒ Nϭ19, and ͑f͒ Nϭ20 bosons. The dimensionless tunneling amplitude is kϭ0.01. The black lines represent numerical results, the red lines represent zeroth-order analytical results given by Eq. ͑28͒ ͓Eq. ͑30͔͒, and the green lines represent first-order analytical results provided by Eqs. ͑32͒, ͑33͒, and ͑35͒-͑37͒ ͓Eqs. ͑38͒-͑40͔͒ for even ͑odd͒ N.
and the frequencies F n of Eq. ͑33͒ are
The green lines in Figs. 2 and 3 show the analytical expressions ͑32͒-͑34͒ together with Eqs. ͑35͒ and ͑36͒ for even N, and Eqs. ͑38͒ and ͑39͒ for odd N. We see that they accurately provide the quantum fluctuations of the numerical solutions, since the two evolutions cannot be distinguished on the presented time scales.
In Fig. 4 we demonstrate the Fourier transform of the numerical solutions of Figs. 2͑e͒ and 2͑f͒ for the case of an odd and an even number of bosons, respectively. The resulting frequencies are in agreement with the calculated values in Eqs. ͑40͒ and ͑37͒, respectively. Also in Fig. 4͑a͒ the splitting of the frequency F 1/2 ϭ4 appears weakly, in accordance with the discussion following Eq. ͑34͒. In the insets we show the regime close to zero, where the low frequencies e appear. The corresponding result for the case of Fig. 4͑a͒ ͓Fig. 4͑b͔͒, as obtained through Eq. ͑31͒ ͓Eq. ͑29͔͒, is e ϭ0.2 ( e ϭ0.011).
C. Comparison with the mean-field dynamics
The evolution of the quantity ͉c 2 ͉ 2 Ϫ͉c 1 ͉ 2 obeying Eq. ͑14͒ for an arbitrary initial condition is equivalent to the trajectory of a particle moving in the potential D 1 x 4 ϩD 2 x 2 , where the coefficients D 1 and D 2 depend on the initial condition ͓25,26͔. D 1 is always positive, while D 2 may be positive or negative. The initial position and the velocity of the particle are given by the quantities ͉c 2 ͉ 2 Ϫ͉c 1 ͉ 2 and i2k(c 2 Ã c 1 Ϫc 1 c 2 Ã ), respectively, evaluated at ϭ0 ͓26͔. In any case the solution is periodic containing a single frequency and its harmonics. Such a solution cannot describe the irregular quantum dynamics exhibited in Figs. 2  and 3 .
In Fig. 5 we show the mean-field solutions for some cases presented in Fig. 2 . We have used the same scale in the y axis with the corresponding plots of Fig. 2 in order to compare the results. The mean-field frequency does not coincide with the dominant frequency of the quantum evolution. It is rather in the region of the higher frequencies appearing in the firstorder corrections. We note that the amplitude of the meanfield oscillations vary in a similar way to the amplitude of the quantum fluctuations. As a result, for larger N, where the quantum fluctuations gradually suppress the dominant frequency ͑see Figs. 2 and 3͒, the DNLS solution improves its agreement with the quantum solution.
We can obtain some analytical results for the mean-field evolution of the relative number difference in the small k regime. The relevant initial conditions for the DNLS dimer that correspond to a coherent spin state are
where zϭϪcos()ϭ(͉c 2 ͉ 2 Ϫ͉c 1 ͉ 2 ) (ϭ0). In the equivalent picture of a particle moving in the potential V(x)ϭD 1 x 4 ϩD 2 x 2 , its mass is unity and the position of the particle gives the relative number difference ͉c 2 ͉ 2 Ϫ͉c 1 ͉ 2 . The potential in our notation is given by ͓25,26͔ lations. The corresponding initial conditions for the particle are given by ͓26͔ x(ϭ0)ϭϪcos() and dx/dt(ϭ0) ϭ2k sin()sin(). The double-well potential V(x) ͑that should not be confused with the trap of the bosons͒ has a local maximum at xϭ0 and two symmetric minima at x ϭϮ cos()ϩo͓k/(NϪ1)͔. Initially the particle is very close to the minimum x 0 around Ϫcos(), at a distance of the order k/(NϪ1), and has a nonzero velocity of order k. As a result its time evolution is a small amplitude oscillation that can be obtained by linearizing the potential around its minimum at x 0 , i.e.,
where 0 is an initial phase. The single frequency of the mean-field dynamics is obtained by
where the next correction is of order k/(NϪ1). The maximum amplitude ⌸ of the oscillation is obtained through the relation
which yields in lowest order
In deriving the last equation we have used the first correction in x 0 , which is ͓2k/(NϪ1)͔tan()cos().
The relations ͑44͒ and ͑45͒ are in a very good agreement with the numerical solutions presented in Fig. 5 . We see that the mean-field single frequency, Eq. ͑44͒, lies in between the zeroth-order frequencies F n of Eqs. ͑37͒ and ͑40͒ and its actual position is determined by the angle of the coherent initial state. For example, in the case displayed in Fig. 5͑c͒ , m f Ϸ26.9, while for the same initial condition and Nϭ19, m f Ϸ25.5. One can compare these frequencies with the corresponding quantum spectra of Figs. 4͑b͒ and 4͑a͒ , respectively.
V. CONCLUSIONS
By applying results obtained from perturbation theory for the stationary states of the boson-Hubbard dimer in the small tunneling amplitude regime, we have derived analytical expressions for the time evolution of the number difference of bosons between the two equivalent sites. The obtained formulas account well for the complex quantum evolution of the system.
In the case that all the bosons initially occupy one trap of the potential, the numerical solution exhibits a rich behavior on different time scales. This multiple time-scale dynamics is determined by the structure of the upper part of the energy spectrum; the two higher quasidegenerate pairs of levels. The difference between these two quasidegenerate pairs, which is zeroth order in k, is responsible for the small amplitude oscillations on short time scales. The small splitting of the second higher pair, of the order k NϪ2 , determines at longer times the collapses and revivals that correspond to the vanishing and the subsequent complete restoration of the oscillation amplitude. Up to this point the bosons remain localized in the initially occupied site. Then, at even longer time scales, the very small splitting of the higher pair of levels, of the order k N , gives rise to coherent tunneling at the initially unoccupied trap of the potential. The corresponding meanfield dynamics is identical with the short time-scale evolution but fails to reproduce different behavior observed at larger time scales. Collapses and revivals that contrast the mean-field results have been observed in this context in Ref.
͓7͔. These characteristic signatures of quantum evolution have also been studied in quantum optics ͓33-35͔. Furthermore, the complete transfer of all the bosons between the two traps of the boson-Hubbard dimer, as a pure quantum effect for small tunneling amplitudes, has been nicely discussed in Refs. ͓14,15͔. With increasing N the periods of the quantum features are strongly increased, resulting in the validity of the mean-field description at much longer times ͓9,14͔.
The initial condition of a coherent spin state reveals more irregular dynamics, with quantum fluctuations that increase with the number of bosons. The dominant frequency in this evolution is obtained by the larger splitting occurring at the unperturbed degenerate pairs. This is determined by the lower part of the spectrum; for an odd number of bosons it is the difference between the ground and the first excited states, while for even N it is the splitting between the first and the second excited states. Apart from this low frequency, of order k, or k 2 , depending on whether N is odd or even, respectively, the whole spectrum is manifested on short time scales FIG. 5 . Time evolution of the relative atom number difference, ͉c 2 ͉ 2 Ϫ͉c 1 ͉ 2 , in the mean-field approximation for a coherent initial state with ϭ/4 and ϭ/2, in a system consisting of ͑a͒ N ϭ9, ͑b͒ Nϭ16, and ͑c͒ Nϭ20 bosons ͓cases demonstrated in Figs. 2͑a͒, 2͑d͒, and 2͑f͒, respectively͔. The dimensionless tunneling amplitude is kϭ0.01. In all the cases the dynamics is nearly harmonic.
through the exhibited fluctuations. The latter are provided by the differences of adjacent quasidegenerate levels, which are of zeroth order in k. The mean-field dynamics is obviously unable to describe the quantum fluctuations, yielding a single oscillation. Its period is much smaller than that of the dominant frequency appearing in the quantum dynamics. Nevertheless, as the number of bosons is increased, it more closely mimics the quantum evolution.
The demonstration of a BEC trapped in a double-well potential has been experimentally achieved in Ref. ͓12͔ . By focusing a far off-resonant laser beam at the center of a magnetic trap in this experiment, a repulsive optical force is produced, which separates the sodium atom condensate into two symmetric wells. Furthermore, these authors were able to create a situation in which all the atoms of the BEC were localized at one minimum of the double well, by illuminating-using weak resonant light-the other trap and pumping its atoms to untrapped states ͑see Fig. 1͑b͒ of Ref.
͓12͔͒. We note that the presented results for the bosonHubbard dimer are not applicable in the situation of this experiment due to the large number of the trapped bosons ͑of the order of millions͒. However, condensates with a few thousands of atoms have been realized ͓3͔, and the creation of barriers in these cases would provide a realistic situation for the application of the two-mode approximation.
